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A double quantum dot device, connected to two channels that only see each other through interdot Coulomb
repulsion, is analyzed using the numerical renormalization group technique. By using a two-impurity Anderson
model, and parameter values obtained from experiment [S. Amasha et al., Phys. Rev. Lett. 110, 046604 (2013)],
it is shown that, by applying a moderate magnetic field, and adjusting the gate potential of each quantum dot,
opposing spin polarizations are created in each channel. Furthermore, through a well defined change in the
gate potentials, the polarizations can be reversed. This polarization effect is clearly associated to a spin-orbital
Kondo state having a Kondo peak that originates from spatially separated parts of the device. This fact opens
the exciting possibility of experimentally probing the internal structure of an SU(2) Kondo state.
PACS numbers: 72.10.Fk,72.25.-b,73.63.Kv,85.75.Hh
Introduction.—Quantum dots (QDs) [1] provide unprece-
dented experimental control over all parameters leading to
the many-body Kondo state [2]. The last decade has seen
a remarkable sequence of new developments, mainly in lat-
eral semiconducting QDs [3]: observation of an SU(4) regime
with entanglement of spin and orbital degrees of freedom
[4, 5], a non Fermi liquid ground state [6], and, more recently,
the careful analysis of a double QD (DQD) Kondo effect with
both spin and orbital degrees of freedom [7]. In the work
presented here, based on this latter DQD device, we inves-
tigate an ‘exotic’ Kondo state, where the electron spin in the
‘traditional’ Kondo effect [1] is replaced by a so-called pseu-
dospin. Still, the symmetry of the system’s Hamiltonian is
SU(2), and hence the effective low energy model is an SU(2)
Kondo model. Indeed, an SU(2) Kondo state requires a sys-
tem where: (i) the relevant degrees of freedom have SU(2)
symmetry, (ii) they can form a charge reservoir consisting of
itinerant states, (iii) have at least one localized state that has
an overlap with the itinerant states, (iv) double occupancy of
a localized state should cost repulsion energy. In the origi-
nal observation of the Kondo effect [2] in solids, the repulsion
energy was intraorbital Coulombic interaction, while in the
recently man-made QD devices [1], it is mesoscopic charging
energy. Nonetheless, the low energy physics in both systems
is captured by a Kondo model in which the relevant degree
of freedom is the electronic spin. A superexchange interac-
tion between localized and itinerant states results in the fluc-
tuating localized spin being screened by itinerant spins, form-
ing a many-body spin-singlet state. In both cases, the Kondo
Hamiltonian is written in terms of the electron spin operator.
In an ‘exotic’ SU(2) Kondo state, although the effective low
energy model is as described above, the localized and itiner-
ant SU(2) degrees of freedom may be more elaborate. Indeed,
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FIG. 1. (Color online) (a) Contour plot of the charge stability dia-
gram showing the conductance (in units of 2e2/h) in the Vg1 − Vg2
plane. Charge occupancies are indicated as (n1, n2). Parameter val-
ues are U ′ = 0.1, H = 0.013, and Γ = 0.027. The conductance
was obtained by using DMRG to calculate the charge occupancy n1
and n2 for each QD, followed by the application of the FSR [8]. The
dashed (white) line is defined by Vg2 = −Vg1 − (U + 2U ′). Most
of the results shown in this work are for the Kondo regime at point
β. (b) Zoom in on the central region of panel (a) showing the three
points (β1, β, and β2) where the Kondo state is analyzed [details are
shown in the inset to Fig. 3(a)].
the operator describing the SU(2) degree of freedom, say τz ,
may be a function of operators whose eigenvalues probe spa-
tially distinct parts of the system. In the following, we will
argue that this indicates that the many-body Kondo state pos-
sesses an ‘internal structure’. The ‘structure’ of the operator
τz , i.e. its explicit dependence on experimentally observable
quantities, may be tailored in a way that results in novel effects
(spin polarized conductance, for instance). More importantly,
this structure may enable experimentalists to manipulate the
Kondo state, perhaps resulting in new device functionality. In
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FIG. 2. (Color online) (a) Top: schematic representation of the pseu-
dospin τzβ Kondo effect, where spin and orbital degrees of freedom
for both QDs participate in the Kondo state. This is depicted by
the (green) dotted arrow superposed to both QDs, and the (green)
dashed boxes containing both leads. Bottom left: pseudospin LDOS,
showing the SU(2) Kondo peak pinned to the Fermi energy. The
dashed (green) arrows picture the pseudospin fluctuations, a hall-
mark of the Kondo effect. Bottom right: legend relating τzβ = ±1/2
to (n1, n2). (b) Top: analysis of the Kondo state into its constituent
parts. Noting that solid arrows represent electron spins, the currents
with opposing spin polarization in each channel, generated by the
Kondo effect, are depicted in the right leads. Note that the pseu-
dospin τzβ = (n2 − n1 − 1) /2 is related to the DQD orbital/spin
degrees of freedom. Bottom: the surprising decomposition of the
Kondo peak when the experimentally accessible LDOS is plotted:
the spin up LDOS in QD 1 has the same participation in the Kondo
peak as the spin down LDOS of QD 2 and they originate in spatially
distinct parts of the DQD system.
this work, we describe such an ‘exotic’ Kondo state, where the
pseudospin SU(2) degree of freedom τz (n1, n2) is a function
of the charge occupancy of two capacitively coupled QDs con-
nected to two spatially separated charge reservoirs. Using the
Numerical Renormalization Group (NRG) [9] and the Den-
sity Matrix Renormalization Group (DMRG) methods [10],
we show that this internal structure translates into spin polar-
ized currents with opposite polarizations in each channel [see
Fig. 2(b)] and into a spatial separation of the local density of
states (LDOS) at the Fermi energy (i.e. spatial separation of
the Kondo resonance). Finally, our calculations, made for re-
alistic parameter values [7], show that the spin polarization,
and therefore the above mentioned internal structure, can be
observed experimentally. For that, we suggest the integration
of the DQD here analyzed into a ballistic spin resonator device
capable of measuring spin currents [11, 12]. This measure-
ment requires the creation of a current through the device, and
therefore the application of a bias to one of the QDs. In the
inset to Fig. 4(b) we show that the Kondo effect analyzed here
is robust against asymmetry in the couplings Γi, for different
channels i = 1, 2. This indicates that the Kondo effect, and
the spin polarization, should be robust against a small bias.
Setup and two-impurity Anderson Hamiltonian.—We con-
sider capacitively coupled parallel QDs [7, 13] connected to
metallic leads that are correlated to each other only through
the interdot coupling U ′ [Fig. 2(b)]. Through an even-odd
transformation [14], two leads decouple from the DQD and
the electron reservoirs are reduced to two non-interacting
semi-infinite chains [see Eq. (3)]. Thus the two-impurity An-
derson Hamiltonian (TIAM) Htot = Hdqd + Hband + Hhyb
modeling our system is given by
Hdqd =
∑
λ;σ
[
U
2
nλσnλσ¯ + Vgλnλσ
]
+ U ′
∑
σσ′
n1σn2σ′(1)
Hband = −t
∑
λ
∞∑
i=1;σ
(c†λiσcλi+1σ + H.c.) (2)
Hhyb = −
∑
λ;σ
tλ
[
d†λσcλ1σ + H.c.
]
. (3)
The operator d†λσ (dλσ) creates (annihilates) an electron in QD
λ = 1, 2 with spin σ = ±, while operator c†λiσ (cλi+1σ)
does the same at site i (i + 1) in a non-interacting semi-
infinite chain λ = 1, 2; nλσ = d
†
λσdλσ is the charge per spin
at each QD, both QDs having the same charging energy U
[7], while charges in different QDs interact through a capac-
itive coupling U ′. We also include the effect of a magnetic
field through −∑λ gHSzλ (with g = 2.0) acting just on the
QDs [15], and coupling only to the spin degree of freedom
Szλ = ±1/2 of each QD [16]. And, for simplicity, we take
t1 = t2 = t
′ [7]. This model has been extensively studied in
previous works, and it is well known that for U ′/U = 1.0 and
zero-field it has an SU(4) Kondo fixed point [17, 18], experi-
mentally observed in Refs. [4, 19]. It is important to note that,
contrary to Ref. [20] (where the Kondo state here analyzed
was first discussed), the only interaction between electrons in
different channels λ = 1, 2 is the interdot coupling U ′. More-
over, each QD has independently controllable gate potentials
Vg1 and Vg2, and we will concentrate on the experimentally
relevant regime U ′/U = 0.1 [7, 13], where U is our unit of
energy. The width of the one-body resonance for each QD is
taken as Γ = 0.027, where Γ = pit′2ρ0(EF ), and ρ0(EF )
is the density of states of the leads at the Fermi energy EF .
We set the half bandwidth D = 1.0, and the NRG-estimated
[21] Kondo temperature TK = 0.5K was obtained for these
experimental parameter values [22].
DQD charge stability diagram.—Figure 1(a) shows the
DQD charge stability diagram [23] (at finite field H = 0.013
and U ′ = 0.1) through a conductance contour plot, as a func-
tion of the gate potentials Vg1 and Vg2. (n1, n2) (where nλ =∑
σ nλσ) shows the charge occupation for each Coulomb
blockade valley. The results in Fig. 1(a) where obtained
through a combination of DMRG [10] and the Friedel Sum
Rule (FSR) [8]. The separation between the two parallel
bright (yellow) lines [with unit conductance, and shown in
more detail in panel (b)] depends on U ′ and H . Indeed, the
zero conductance region between them (where n1 = n2 = 1)
is obtained by applying a magnetic field H = 0.013, which
suppresses the spin Kondo effect. In addition, their lengths
are proportional to U ′. The (white) dashed line in Fig. 1(a),
defined by Vg2 = −Vg1 − (U + 2U ′), determines points α
3and β as the values of Vg1 and Vg2 (over this line) for which
the conductance is a maximum, coinciding with charge de-
generacy points. Around these points one can define a pseu-
dospin operator [8, 20] that depends solely on n1 and n2:
τzα = (n1 − n2 − 1)/2 and τzβ = (n2 − n1 − 1)/2, so that
τzα = 1/2, for (2, 0), and−1/2 for (1, 1); τzβ = 1/2 for (0, 2),
and −1/2 for (1, 1). Note the important point that, out of the
four possible different (1, 1) spin states, the application of H
creates a doublet ground state, (0, ↑↓) and (↑, ↑) at point β,
which forms the basis for the spin-orbital Kondo state [see
Fig 2(a), bottom panel]. Indeed, a straightforward calculation
at point β, to zero order in Γ, indicates that these states are de-
generate. In addition, the states with n1 +n2 = 1 and 3, |0, ↑〉
and | ↑, ↑↓〉, respectively, are above this ground state doublet
by exactly U ′/2 (again, to zero order in Γ). These are the
virtual states, participating in cotunneling processes, that lead
to the quenching of the pseudospin (Kondo effect) and to the
current polarization. Note that the α−β line bisects the charge
degeneracy lines, therefore points α and β have symmetrical
LDOS around the Fermi energy (see Fig. 4). But, other than
that, other points over the charge degeneracy line also display
Kondo states [points β1,2 in Fig. 1(b) are analyzed below].
Kondo state internal structure.—Before describing the
NRG results, we wish to explain what is meant by spatial sep-
aration of the Kondo state: at the top of Fig. 2(a) we depict,
through a dotted (green) arrow, the τzβ = +1/2 projection
of the pseudospin in the low-energy effective SU(2) Kondo
model describing the spin-orbital Kondo effect [8, 20]. This
arrow is superimposed to both QDs to indicate that the pseu-
dospin is composed by a combination of degrees of freedom
from both QDs. For the same reason, the charge reservoirs
are circumscribed by (green) dashed boxes. At the bottom left
side of panel (a) we depict the traditional LDOS of an SU(2)
Kondo state at the particle-hole symmetric point (PHSP), with
a symmetric Kondo peak at the Fermi energy. Panel (b) breaks
down the pseudospin (see equation at the top), and the Kondo
LDOS (diagrams at the bottom), into its constituent parts. As
expected, ρ1↑ + ρ2↓ for the two diagrams in the bottom is ap-
proximately equal to the LDOS in the bottom left diagram.
What is interesting is that ρ1↑ and ρ2↓ are mirror reflections
of each other around the Fermi energy (see Fig. 4 for details),
and, as indicated by the dashed arrows, they originate from
spatially distinct parts of the system. In addition, to the right
of the ‘traditional’ SU(2) LDOS, the τzβ = ±1/2 pseudospin
states [dashed (green) arrows] are described in terms of or-
bital and spin degrees of freedom. As mentioned above, these
states are degenerate at point β. Finally, the spin polariza-
tion of the current in each channel is depicted in the right side
leads on the top of panel (b). Note that the direction of the
spin polarization of the current in each channel matches that
of the finite LDOS in each of the quantum well diagrams. This
neatly links the spatial separation of the Kondo peak with the
spin polarization of the current in each channel. One could
then say that this spatial separation of the Kondo peak (re-
flected in the different current polarizations in each channel)
lays bare to the experimentalist what we loosely call the ‘in-
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FIG. 3. (Color online) (a) Variation with temperature (in units of U )
of χτz , indicating the Kondo screening of τzβ = (n2 − n1 − 1)/2
at low temperatures for Vg1 = −0.1535 [open (red) squares curve],
where the conductance reaches a maximum in Fig. 1(a) along the
(white) dashed line (point β). From the open (red) squares curve
the Kondo temperature (value for which χτz = 0.0701) TK =
0.038802 is extracted. Two extra curves (for Vg1 values above
and below Vg1 = −0.1535) are shown in the main panel, Vg1 =
−0.1475, open circles, and Vg1 = −0.1560, open diamonds, with
finite plateaus at low temperatures for both Vg1 values. Inset: Vari-
ation of χτz with Vg1 at zero temperature. The middle curve corre-
sponds to varying Vg1 and Vg2 along the (red) dotted line in Fig. 1(b).
The other two curves correspond to the dot-dashed (green) and the
dashed (blue) lines in the same figure (see text for details). (b) Sim-
ilar results as in panel (a), but now for U ′ = 0.3. Notice (main
panel) the much reduced Kondo temperature TK = 0.009370, and
the much sharper dip in χτz as a function of Vg1 (inset), pointing to a
less favorable experimental situation to observe the polarization, i.e.,
a narrower window in gate potential and a lower Kondo temperature.
ternal structure’ of the Kondo state.
Thermodynamic properties.—First, using NRG, we cal-
culate the pseudospin susceptibility χτz (T ), equivalent to
χτz = 〈(τz)2〉 − 〈τz〉2 (where 〈...〉 indicates a canonical
ensemble average) to pinpoint the Kondo effect through the
screening of τz as T → 0. In the main panel of Fig. 3(a),
we show the temperature variation of χτz for three different
(Vg1, Vg2) sets over the dashed (white) line in Fig. 1(a): at
point β [Vg1 = −0.1535, (red) squares in Fig. 3(a)], and two
other points away from the (yellow) charge degeneracy line
[Vg1 = −0.1475, (black) circles, located inside the (0, 2)
region, and Vg1 = −0.1560, (black) diamonds, inside the
(1, 1) region]. Note that for for point β, χτz vanishes be-
low T . 10−3, indicating a quenching of the pseudospin τz
due to a Kondo effect. The other two curves, for Vg1 val-
ues above and below the β Kondo point, have finite-value
plateaus for vanishing temperatures. By applying the Wil-
son criterion [9] for determining the Kondo temperature to the
(red) squares curve in Fig. 3(a), one obtains TK = 0.038802,
which, for gold electrodes and the experimental U value, re-
sults in TK ∼ 0.5K, in agreement with the experimental re-
sults obtained in Ref. [7], from where our parameters were
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FIG. 4. (Color online) LDOS ρλσ for both channels λ and for op-
posite spin orientations, at point β, clearly showing a Kondo peak.
(a) Results for U ′ = 0.1. The shape of the Kondo peaks is reminis-
cent of that for a valence fluctuation regime. (b) Same as (a), but for
U ′ = 0.3. Note the broad peaks at≈ ±−U ′/2 and the very particu-
lar distribution of spectral weight around the Fermi energy. The fact
that the spectral weight is separated according to channel and spin
orientation points to the ‘internal structure’ of the Kondo regime. In-
set: The particular structure of the Kondo peak (and therefore the
spin polarization) is robust against an asymmetry in the QD/channel
coupling (Γ1/Γ2 6= 1).
extracted. To illustrate the fact that the Kondo effect, as men-
tioned above, extends along the direction of the charge degen-
eracy (yellow) line, left and right of the β point, we show, in
the inset to Fig. 3(a), χτz (T = 0) along the lines α1−β1 [dot-
dashed (green) curve] and α2 − β2 [dashed (blue) curve]. For
comparison, χτz (T = 0) along the α− β line [(red) squares]
is also shown. It can be seen that the susceptibility dips to zero
in the same way along the three lines, clearly showing that the
Kondo state is not restricted to the β point. In addition, the
polarization Pλ (βi) [24] at the intersection of the αi − βi
(i = 1, 2) lines with the charge degeneracy line, calculated
with NRG, results in P1 (β1) = 0.9344, P2 (β1) = −0.6363,
and P1 (β2) = 0.4750, P2 (β2) = −0.9308, indicating that
the polarization is robust along the charge degeneracy line. In
Fig. 3(b), χτz (T ) results for a larger U ′ = 0.3 value are in
qualitative agreement with a Kondo effect driven by U ′: as
expected, the pseudospin quenching occurs at a lower temper-
ature TK = 0.009370.
LDOS results: spatial separation of the Kondo peak.— In
Fig. 4 we show the main results in this work: NRG calcu-
lations for the LDOS in each channel, for different spin ori-
entations, at point β. The (red) dashed curve is for channel
1 and spin up, while the (blue) solid curve is for channel 2
and spin down [U ′ = 0.1 and 0.3, for (a) and (b), respec-
tively, with Γ = 0.027 for both panels]. Note that the max-
imum LDOS value for each curve (in both panels) occurs at
the Fermi energy (ω = 0.0). In addition, because β is a PHSP,
the curves for each spin polarization are mirror images of each
other in relation to the Fermi energy, therefore, their sum pro-
duces a symmetrical curve. Finally, a plot of the LDOS for
each ‘orientation’ of τz at point β (not shown) produces two
identical curves, symmetrical around ω = 0.0, the same as
the LDOS for each spin orientation in a zero-field spin SU(2)
Kondo regime. This fact hints at the main difference between
the spin-orbital Kondo state studied here and a traditional spin
SU(2) Kondo state: the latter presents to the experimentalist
a localized fluctuating spin degree of freedom that is screened
by spins carried by conduction electrons, and no easy experi-
mental access is given to each of its projections along a certain
direction. Indeed, the application of a magnetic field will not
separate the Kondo peak into two, but rather split it, therefore
destroying the Kondo state. On the other hand, in the spin-
orbital Kondo state analyzed here, the fluctuating degree of
freedom τzβ = (n2 − n1 − 1)/2 is, by definition, composed
by operators from different parts of the device. This is so be-
cause the low energy fixed point for the TIAM at point β is
that of an SU(2) Kondo model for the effective τzβ degree of
freedom. This situation is reminiscent of the SU(4) Kondo
effect, where the same spatial separation may occur. How-
ever, the system where the cleanest observation of the SU(4)
Kondo effect has been performed, i.e., carbon nanotubes [19],
does not provide the experimentalist with easy ways to access
manifestations of this spatial separation, preventing access to
the Kondo state internal structure. In the case presented here,
this internal structure is given by construction, being the op-
posing spin polarizations in each channel its most transparent
manifestation. It is clear that both sides of the Kondo peak in
Fig. 4 are correlated and any probing of one side, to assess one
of the parts of the Kondo state, will affect the other. Our point
is that it is the ability of carrying out this experiment, and an-
alyzing how one ‘side’ will affect the other, that may present
a novel approach to study the Kondo state, and possibly have
technological implications. Fig. 4(b) shows this ‘asymmetry’
in the LDOS for a larger U ′ = 0.3, depicting a much sharper
Kondo peak, with an almost discontinuous drop of the LDOS
at ω = 0, presenting a striking picture of the internal structure
of the Kondo state and its spatial separation. Finally, the in-
set in Fig. 4(b) shows LDOS results for a more realistic case
where the coupling of the reservoirs to each QD are not equal.
Indeed, allowing for ≈ 20% difference in the couplings does
not result in drastic changes in the Kondo peak.
Conclusions.—In this work, using NRG, we have shown
that a DQD device, with two channels solely connected by
interdot Coulomb repulsion, and modeled by a TIAM with
experimentally relevant parameters, can sustain opposite spin
polarization currents along each channel. This current polar-
ization effect was clearly shown to be directly related to a
spin-orbital Kondo state (with TK ≈ 0.5K for the experimen-
tal parameters) driven by the interdot repulsion U ′. Although
it is necessary to apply a magnetic field to achieve the Kondo
state, the moderate value needed to obtain 100% polarization
in each channel (H ≈ 1T ) [25] indicates that the effect should
be experimentally observable [11, 12]. However, the most ex-
citing finding in this work is that this double-channel polar-
ization can be clearly associated to a spatial separation of the
5Kondo peak, implying a spatial separation of the Kondo state,
which can in principle lead to experimental ways of exploring
its internal structure. The channel-specific spin polarization is
the most evident fingerprint of this spatial separation, and it
should be detectable by integrating the DQD into a Ballistic
Spin Resonator device [11, 12].
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SUPPLEMENTAL MATERIAL
Spin polarization: NRG results.—In Fig. S1(a), NRG con-
ductance results are shown along the (white) dashed line
shown in Fig. 1(a) of the main text. The results are shown
per channel, per spin. Channel 1, spin up and channel 2, spin
down: open (red) circle; channel 2, spin up and channel 1,
spin down: open (blue) square. The peaks occur at the points
α and β described above. It is easy to see that the current
polarization is reversed, between both channels, from points
α to β. To see that more clearly, panel (b) shows the polar-
ization, defined as Pλ = (Gλ↑ − Gλ↓)/(Gλ↑ + Gλ↓), where
λ = 1, 2 indicates the channels, and ↑, ↓ the spin orienta-
tion along the z-axis (parallel to the QD’s 2d electron gas).
The open (red) circles and (blue) squares are results for chan-
nels 1 and 2, respectively. These calculations were done for
U ′ = 0.1, Γ = 0.027, and H = 0.013.
Spin polarization field dependence.—To map out the po-
larization for different field values, Fig. S2 shows a contour
plot of Pλ for 0.0 ≤ H ≤ 0.013 for the same Vg1 − Vg2 in-
terval as in Fig. S1 (panels (a) and (b) for channels 1 and 2,
respectively). As already implied by the curves in Fig. S1(b),
the high polarization region seems broad enough to be exper-
imentally observable. As in the previously obtained DMRG
results, a small value of field is enough to generate sizable
polarization; the difference now is that a large polarization is
obtained for a much wider interval along the dashed (white)
line in Fig. 1(a). One should note however, by inspecting
Fig. S1(a), that the Vg1 interval for which the conductance
is close to unitary is narrow. As discussed in the main text, a
large polarization can be sustained along a transversal direc-
tion in the Vg1 − Vg2 plane [along the charge degeneracy line
(yellow) shown in more detail in Fig. 1(b)].
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FIG. S1. (Color online) (a) Conductance as a function of gate poten-
tial Vg1 for different channels and different spin orientations. Chan-
nel 1, spin up; channel 2, spin down: open (red) circle; channel
2, spin up; channel 1, spin down: open (blue) square. Results for
U ′ = 0.1, H = 0.013, and Γ = 0.027. (b) Conductance polariza-
tion (see text for definition) for data in panel (a). Open (red) circles,
channel 1; open (blue) squares, channel 2.
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FIG. S2. (Color online) Contour plot of the polarization as a function
of the magnetic field H (vertical axis) and the gate potential Vg1
(horizontal axis) [Vg1 is related to Vg2 by Vg2 = −Vg1 − (U +
2U ′), i.e. the (white) dashed line in Fig. 1(a)]. Panels (a) and (b)
correspond to channels 1 and 2, respectively.
